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1. INTRODUCTION
 In his paper 5 , Noritzsch proved some interesting results concerning
Ž .finite groups G for which the set cd G , consisting of the ordinary
irreducible character degrees of G, has cardinality 3. In the present paper,
 we shall focus on the situation studied in Section 2 of 5 . We begin by
stating the hypothesis that was under consideration there.
Ž .HYPOTHESIS * . Let G act faithfully on an elementary abelian p-group V
where p is some prime. Let A be maximal among abelian normal subgroups of
G, and suppose that A acts irreducibly on V.
 The main result of Section 2 in 5 is Theorem 2.11, which includes the
Ž .  Ž . statement that if G, V, and A satisfy Hypothesis * and cd GV  3,
Ž .     4  then cd GV  1, A , G : A and G : A is a prime. Unfortunately, this
statement is incorrect. The error which leads to htis incorrect result is
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 found in 5, Lemma 2.5 , which states that if G, V, and A satisfy
Ž .Hypothesis * and the action of G on V is Frobenius, then G A. The
fact that this result is incorrect can be seen in the following theorem.
THEOREM A. Let q 1 be a prime power and let n 1 be an integer.
Ž .There exist groups G, V, and A satisfying Hypothesis * such that GV is a
Ž .     4   n  Frobenius group and cd GV  1, G : A , G with n G : A and q  V
if and only if eery prime diisor of n also diides q 1.
As an example, for q 3 and n 2, there is a Frobenius action of the
quaternion group Q of order 8 on an elementary abelian group of order 9,
with the subgroups of order 4 in Q acting irreducibly. For q 4 and
n 3, there is a Frobenius action of a nonnilpotent group G of order 63
on an elementary abelian group of order 64, and G has an abelian normal
subgroup of order 21 that acts irreducibly.
Ž .THEOREM B. Let G, V, and A satisfy Hypothesis * , and suppose that
 Ž . cd GV  3. Then either
Ž . Ž .     4i GV is a Frobenius group and cd GV  1, G : A , G , or
Ž .   Ž .      4ii G : A is a power of a prime r, and cd GV  1, G : A , G r .
Ž .Notice that the groups identified by Noritzsch occur in conclusion ii of
 theorem B when G : A  r. Looking at his results, one might hope that
this is the only case that could arise in this situation. Our next result will
show that this is not the case. While Theorem A tells us which values of q
Ž .and n can occur in conclusion i , the following result will present the
Ž .values of q and n that can occur in conclusion ii .
THEOREM C. Let q 1 be a prime power and let n 1 be a power of
Ž .some prime r. There exist groups G, V, and A satisfying Hypothesis * with
Ž .      4     ncd GV  1, G : A , G r , G : A  n, and V  q if and only if either
Ž . Ž . 2i n r, or ii r diides q 1.
Ž .For a particular example in which case ii of Theorem C occurs, for
q 5 and n 4, there is a group G of order 208 that acts on an
elementary abelian group V of order 54, such that G has an abelian
Ž . normal subgroup A of index 4 that acts irreducibly on V, and cd GV  1,
44, 104 . This and other examples are constructed in Section 3.
  The proofs of some of the results after Section 2 in 5 make use of 5,
Theorem 2.11 . It is fair now to question the validity of these results.
 Apparently the only consequence of 5, Theorem 2.11 that is needed after
  Ž .Section 2 of 5 is that if G, V, and A satisfy Hypothesis * and
 Ž cd GV  3, then either the two nontrivial degrees are relatively prime or
one degree divides the other. We shall prove that this is in fact true, and so
 the results of 5 after Section 2 appear to be true as stated.
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Ž . Ž .THEOREM D. Suppose that G, V, and A satisfy Hypothesis * . If cd GV
 4 1, a, b for integers 1 a b, then either a diides b or else a and b are
relatiely prime.
2. AFFINE GROUPS AND THREE DEGREES
For any given prime power q 1 and integer n 1, consider the
Ž . Ž n.extension GF q GF q of finite Galois fields. Let F denote the cyclic
Ž n.multiplicative group of nonzero elements of GF q . Let H be the Galois
group of this field extension, and observe that H is generated by the field
automorphism  : x x q, which has order n. The group H acts on the
  Ž n.group F in the natural way. Following 4, Sect. 2 , we write  q to
denote the corresponding semidirect product group FH FH, which is
called the semi-linear group of the given field extension. The action of H
Ž n.  Ž . on F is faithful, and for   q we have Z   q 1.
Ž n.There is a natural action of  on the additive group VGF q , with
F acting by multiplication. The corresponding semidirect product group is
called the affine semi-linear group of the given extension.
Ž .  Now, suppose G, A, and V satisfy Hypothesis * . Let n G : A . We
 apply 1, Satz II.3.11 to this situation, and we obtain the following
information. There is a uniquely determined prime power q such that
  n Ž n.V  q . Furthermore, we may assume that VGF q , and that G is a
Ž n. Ž .subgroup of   q such that A F and A C A and  FG.G
Observe that FG is an abelian normal subgroup in G and contains
A. The maximality of A implies that A FG. As F is abelian, we see
Ž . Ž .  Ž . for each element x	 F that C x  FC x , and so  : C x  G 
 Ž .  Ž . Ž .G : C x . From this we deduce Z G G Z  , and in particularG
 Ž . Z G divides q 1.
 Ž .   Ž .By 5, Lemma 2.6 a , we have G : A 	 cd G . Taking p to be the
Ž .prime divisor of q, we note that O G  1 since G acts faithfully. Wep
conclude that V is the Fitting subgroup of GV. Because the action of A is
irreducible, it follows that AV is a Frobenius group with Frobenius kernel
V and Frobenius complement A. This implies that A is cyclic and that
Ž .   4cd AV  1, A .
The facts and notations introduced in these last few paragraphs, which
are defined in reference to the values q and n, or to the situation of
Ž .Hypothesis * , we will use in the remainder of this paper without further
comment and without ambiguity.
Ž .  4LEMMA 1. Let G be a nilpotent metacyclic group satisfying cd G  1, m
with m 1. Then m is prime.
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Proof. Since G is nilpotent, m pa is a prime power for some prime p
and integer a
 1. Let KG be maximal such that GK is nonabelian.
Ž . Ž .  a4  Clearly cd GK  cd G  1, p . By 3, Theorem 12.3 , GK is a
Ž . Ž . 2 ap-group and GK Z GK is elementary abelian of order p . Since G
is metacyclic, we conclude that a 1.
Ž .If X is a group and N X, let cd X N denote the set of degrees of
Ž .all the irreducible characters  of X having the property N ker  .
 Ž .  We are particularly interested in the case cd GV  3. Note that 5,
Lemma 2.7 is not correct as stated. Step 3 of its proof makes use of the
 erroneous result 5, Lemma 2.5 . However, Steps 1 and 2 of its proof are
valid, and we incorporate these into the following lemma.
Ž .LEMMA 2. Suppose that G, A, and V satisfy Hypothesis * and that
 Ž . cd GV  3. Then
Ž . Ž . Ž .   4  i cd GVV  cd G  1, G : A with G : A  1.
Ž .   Ž  .  4ii There is a degree b G : A so that cd GV V  b .
Ž .    iii A diides b and b diides G .
Ž .  iv GV is a Frobenius group if and only if b G .
Ž .   ² :v If b A , then H  is a complement for A in G.
Ž .  vi If G is nilpotent, then G : A is prime.
Ž .   Ž .Proof. Statement i is essentially 5, Lemma 2.6 . Since cd AV  V 
  4 Ž .  A , every degree b	 cd GV  V must be divisible by A and must
  Ž .divide G . Now, A is cyclic and A C A , so GA is isomorphic to aG
 subgroup of the automorphism group of A. This implies that G : A
Ž  .  divides  A where  is the Euler -function. Obviously, A does not
Ž  .   Ž .  Ž . divide  A , so G : A  cd GF  V . Since cd G  3, this leaves only
Ž .one possible degree in cd GV  V , and we write b for that degree. This
Ž . Ž . Ž . Ž .proves ii and iii . Statement iv is clear, in view of statement ii . The
Ž . Ž .proofs of statements v and vi are Steps 1 and 2 respectively in the proof
 of 5, Lemma 2.7 .
The next theorem shows that the numerical conditions of Theorem A
are necessary.
Ž .THEOREM 3. Suppose that G, A, and V satisfy Hypothesis * where
    n Ž .     4G : A  n and V  q . If cd GV  1, G : A , G , then eery prime
diisor of n also diides q 1.
Ž . Ž .  4Proof. By Lemma 2 i , cd G  1, n .
Suppose that G has a nonabelian Sylow r-subgroup for some prime r.
 Ž .By Lemma 1 on 5, Lemma 1.6 c , we have n r. Since G is a Frobenius
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complement, each Sylow r-subgroup of G is a nonabelian Frobenius
complement of r-power order, and this forces r 2. Since the Frobenius
  ncomplement G has even order, the order V  q of the Frobenius kernel
must be odd, and so n 2 divides q 1.
We now assume that every Sylow subgroup of G is abelian. Now 5,
Ž . Ž . Ž .Lemma 1.6 d asserts that AG Z G , and that GZ G is a
Frobenius group. Suppose that r is a prime that divides n but does not
 Ž . divide q 1. Recall that Z G divides q 1, and so if R is any Sylow
Ž . Ž . Ž .r-subgroup of G, we have R Z G  1. Now RG RGZ G Z G is
a Frobenius group. On the other hand, every nonidentity subgroup of G is
a Frobenius complement. Thus RG is simultaneously a Frobenius group
and a Frobenius complement, and this is a contradiction.
Let q be a prime power and n a positive integer. Following general
usage, we say that a prime r is a Zsigmondy prime for q n 1 in case r
divides q n 1 while r fails to divide q m  1 for every integer 1m n.
The Zsigmondy prime theorem states that there exists a Zsigmondy prime
n Ž . kfor q  1 except when either i n 2 and q 2  1 for some integer
Ž .k, or ii n 6 and q 2. More information about Zsigmondy primes and
 the Zsigmondy prime theorem may be found in 6 , for example.
Suppose that r is a prime divisor of q n 1 but not a Zsigmondy prime
for q n 1. Let m be minimal such that r divides q m  1. Writing
Ž . Ž m n . dd m, n , we see that r divides q  1, q  1  q  1, and the
minimality of m forces dm. In particular, m divides n in this situation.
Ž .We write  x to denote the nth cyclotomic polynomial. Informationn
on cyclotomic polynomials may be found in many graduate level algebra
 texts, such as 2, Chap. 20 .
Ž .  LEMMA 4. Suppose G, V, and A satisfy Hypothesis * . Let n G : A .
Ž .  Ž . i If n is prime, then cd G  2.
Ž .  Ž .   ii If n is composite, then cd G  2 if and only if G diides
Ž . n q , where  is the set of Zsigmondy primes for q  1.n 
Ž .   Ž .Proof. i By 3, Theorem 6.15 , every degree in cd G divides the
 prime G : A  n. Since A is maximal as an abelian normal subgroup, G
Ž .  4is nonabelian, and so cd G  1, n .
Ž .  Ž . ii Suppose that cd G  2. By Lemma 1, G is nonnilpotent. Now
  Ž . Ž . Ž .5, Lemma 1.6 implies that A F G G Z G and that GZ G is
Ž . Ž .Frobenius. Thus for each element a	 A, either C a G or C a  A.G G
     Let r be any prime divisor of G . Since G divides A , which divides
q n 1, indeed r divides q n 1. Choose an element a	G of order r. By
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Ž . Ž . Ž .the preceding paragraph, G a  A, and so in particular C a  FC aG  G
 FA F where  and F are as defined at the beginning of this section.
We claim that r	  . If not, then r divides q m  1, where m is some
proper divisor of n. Hence the element a lies in the proper subfield
Ž m.GF q of V, and so a is centralized by some nonidentity element of H.
This is a contradiction, and we conclude that r	  . Thus every prime
    n  divisor of G lies in  . Since G divides q  1, indeed G divides
Ž n . Ž .q  1  q . n 
  Ž .Now suppose that G divides  q . Let r be any prime divisor ofn 
n  Ž .q  1. If r also divides n, then 5, Lemma 2.4 b implies that r divides
q n r 1, which says that r  . Thus every member of  fails to divide n,
 and so G and n are relatively prime.
The group G has a Hall -subgroup L, which must contain the -sub-
   group G. Since G : A  n is coprime to L , we have G L A. For
Ž . Ž .each nonidentity element x	 L, we see that C x  F, and so C x  G
Ž .A. Let B be a Hall -complement for G, and observe that A B A
Ž . Ž Ž L. We deduce that G B A is a Frobenius group with cd G B
..   4    A  1, G : A . We have L L, B G L and A B, B G
B 1. We conclude that A B is central in G. Now, it is not difficult to
Ž .  4see that cd G  1, n , and the result holds.
 Note that 5, Lemma 2.9 is not correct as stated. Its stated proof uses
the additional hypothesis that all Sylow subgroups of G are abelian,
although this hypothesis does not appear in the statement of that lemma.
We now present a counterexample which shows that this additional
 hypothesis is truly needed for 5, Lemma 2.9 to be valid. Let q 5 and
2 Ž 2 .a 2, and take V to be the vector space of order 5 . Let G  5 and
   A F. Note that G  48 and A  24. Clearly A is maximal among
   Ž . abelian normal subgroups of G. Observe also that G  6 and Z G  4.
Ž .  4 Ž .  4To see that cd GV  1, 2, 24 , note that cd G  1, 2 and that every
Ž  .member of cd GV V is divisible by 24 and is small enough to be an orbit
  Ž .  4size in V. For the quantity zmin Z G , a  2, the original statement2
    Ž a . Ž . Ž 2of 5, Lemma 2.9 would assert that 2 	 6 z G  q  1  q 1  5
. Ž . 1  5 1  6, which is false. But note that G has a nonabelian Sylow
2-subgroup in this example.
   Because the proof of 5, Lemma 2.10 makes use of 5, Lemma 2.9 ,
 which is incorrect, the validity of 5, Lemma 2.10 may now be questioned.
   Since the goal of 5, Lemma 2.10 is to prove that G : A is prime, we may
 Ž .assume that it is not prime, and so by 5, Lemma 1.6 c , all Sylow
 subgroups of G are abelian. Thus 5, Lemma 2.10 is valid as stated, as its
 stated proof is supported by the corrected version of 5, Lemma 2.9 .
The next theorem includes both Theorem B and Theorem D.
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Ž .THEOREM 5. Suppose that G, A, and V satisfy Hypothesis * . Assume
 Ž .  Ž .cd GV  3. Let b be as defined in Lemma 2 ii . Then the following holds:
Ž . Ž   .  i Either G : A , b  1 or G : A diides b.
Ž . Ž    .  ii If G : A , A  1, then b A .
Ž .    iii If b A , then G : A is a prime.
Ž .      iv If b G , then G : A is a power of a prime r, and b G r.
Ž .  Proof. Our conclusion iii is 5, Lemma 2.10 . The proof of conclusion
Ž .  ii may be obtained by following the proof of Step 3 in 5, Lemma 2.7 . As
we noted before, Noritzsch’s proof there is incorrect because of its use of
 5, Lemma 2.5 to obtain a complement for A in G. But the assumption
Ž    . Ž .G : A , A  1 in ii allows us to obtain a complement for A via the
SchurZassenhaus theorem. With the complement in hand, the remainder
Ž .of Step 3 of Noritzsch’s proof goes through, which yields ii .
     If b G , then obviously G : A divides b. Also, if b A , then we
Ž .  know via iii that G : A  r for some prime r. This yields the equalities
        Ž . Ž .b A  G G : A  G r. Thus, in both i and iv , we only need to
   consider the case where A  b G . Note that this implies that n
   G : A is not prime. Thus, we may use Lemma 1 and 5, Lemma 1.6 to
Ž .conclude that every Sylow subgroup of G is abelian, and AG Z G .
Ž .   Ž .We apply Lemma 4 ii to see that G divides  q where  is the setn 
n Žof Zsigmondy primes for q  1. As always, q is the prime power so that
  n. Ž .V  q . Let 1  
	 Irr V be a character, and write T for theV
stabilizer of 
 in G. We know that T A 1, so T TAA is cyclic and
 
 extends to TV. We have G : T  b. Let B TA, and observe that B
Ž .contains the stabilizer of every nonprincipal character in Irr V . It is not
Ž .     4 Ž .difficult to determine that cd BV  1, A , B : A . Using conclusion iii ,
 we know that B : A  r is a prime. Since all Sylow subgroups of G are
abelian, all Sylow subgroups of B are abelian, and we may apply 5,
   Ž n . Ž n r .Lemma 2.9 in the group B to obtain z G  q  1  q  1 where
  Ž .  4zmin Z G , r .r
n Ž . n r Ž .We know that q  1Ł  q and q  1Ł  q .d  n d d Žn r . d
Ž n . Ž n r . Ž .We determine that q  1  q  1 Ł q where d runs throughd
   all divisors of n that are divisible by n . If r does not divide A , then Gr
  Ž .is this product. Since G divides  q , we see that this can only occurn 
Ž    .when n is a power of r. This would imply that G : A , A  1. By
Ž . Ž .  conclusions ii and iii , we have G : A is prime which is a contradiction.
       We conclude that r divides A  B : T , and G : A  r G : B divides
      Ž .    B : T G : B  G : T  b, and we have shown i . Note that T  B : A
        r and b G : T  G T  G r.
Ž . Ž .We now see that Ł q divides r q where d runs over the divisorsd n 
of d that are divisible by n . This implies that either n is a power of r, orr
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a Ž . Ž . Ž .an r s, z r,  q  q , and  q  r where a is a positiven n  r
Ž .integer and s is a prime different from r. If n is a power of r, then iv is
true, and we are finished. Thus, we assume that we are in the other case,
 Ž . and we find a contradiction. Since z r, we know that r divides Z G
which divides q 1. This implies that r is not a Zsigmondy prime for
r a Ž . r aaq  1. Because  q  r, we see that q  1 has no Zsigmondyr
primes, so q r
a  1 must be one of the exceptions to the Zsigmondy prime
theorem. The only possible exceptions are r a 2 and q 2 k 1 for
some positive integer k, or r a 6 and q 2. Since 6 is not a prime power,
Ž . kwe can eliminate that possibility. Observe that  q  q 1 2  2,2
and k 1. This implies that q 2 1 1 which also is a contradiction.
Therefore, we may conclude that n is a power of r. This proves the
Ž .remaining conclusion, iv .
We now focus on proving Theorem C and finishing the proof of
Theorem A. To do this, we need to look more closely at the semi-linear
group  defined at the beginning of this section. In this next lemma, we
provide some details on the relationship between  and F in .
LEMMA 6. Fix a prime power q 1 and an integer n 1. Let , F, and
 be as defined at the start of Section 2. Let m be any diisor of n.
Ž . m m  mi The coset   , F is set of all conjugates of  in .
Ž .  m  Ž n . Ž m .ii  , F is the subgroup of order q  1  q  1 in F.
Ž . nm Ž .m m Žq n1 .Žq nm1 .iii If y	 F and   , then  y   y .
Ž . ² :Proof. i This statement follows from the fact that  F  .
Ž .  m ii The image of the surjective homomorphism F  , F de-
 m  1q m Ž n . Ž m .fined by x  , x  x is the subgroup of order q  1  q  1
in F.
Ž . Ž .m mŽ Ž m1. Žm1.. Ž 2 2 .Ž 1 . m fiii Note  y    y 			  y  y y  y ,
g 2 g Žm1. g m g gŽ . Ž .where f 1 q  q  			q  q  1  q  1 .
The following result proves one direction of Theorem C.
Ž .THEOREM 7. Suppose that G, V, and A satisfy Hypothesis * . Also,
  a Ž .assume that G : A  r for some prime r and integer a
 2. If cd GV 
    4 21, G r, G : A , then r diides q 1.
Ž . Ž .  a4 aProof. By Lemma 2 i , cd G  1, r . Since r is not prime, Lemma
 Ž .1 implies that G is nonnilpotent, and 5, Lemma 1.6 c implies that all
 Ž .Sylow subgroups of G are abelian. Now 5, Lemma 1.6 d asserts that
Ž . Ž .A Z G G and that GZ G is Frobenius. The Frobenius comple-
ment GA has order divisible by r 2, and so r does not divide the order of
2  the Frobenius kernel G. If we can show that r divides A , it would
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2  Ž . follow that r divides Z G , which divides q 1, thereby proving the
result.
  aWrite n G : A  r . As usual,  is the Galois automorphism defined
by   q for every element  	 V. Observe that  n 1.
Each conjugate of  in  centralizes q elements of V and hence fixes q
Ž .irreducible characters of V. By Lemma 2 ii , the inertia group in G of
each nonprincipal irreducible character of V has order r, and so G
Ž .  contains no conjugate of  . Thus by Lemma 6 i ,   , F G is empty.
² :Let R be a Sylow r-subgroup of G that contains  . Since  is a
Ž .² :complement for F in , note that R R F  . After replacing G by
one of its conjugate subgroups in  if necessary, and applying one of the
Sylow theorems, we may assume that RG is a Sylow r-subgroup of G.
Ž .Using the fact that  F RG , we see that the coset  F intersects
RG nontrivially. Thus we may choose an element  y	 RG such
that y	 F. Since  ,  y	 R, we have y	 R. Hence y has r-power order
 and  y	  FG. By the preceding paragraph, y  , F . By Lemma 6
Ž . Ž . Ž .n Žq n1 .Žq1.ii and iii ,  y  y is a nonidentity r-element in F. Now,
a1 m ² :writing m r , it follows that    y .
 Let B be the subgroup of G that contains A with B : A  r. We know
Ž .     4 Ž . mthat cd BV  1, A , B : A . By Lemma 2 iv ,  	 BG. By Lemma
Ž . Žq m1 .Žq1. Ž m.1Ž .m6 iii , the element y    y lies in G F A. The
Ž m . Ž . Ž n . Ž .r-part of q  1  q 1 is smaller than the r-part of q  1  q 1 ,
² Žq n1 .Žq1.: ² Žq m1 .Žq1.:and so 1 y  y  A. As y has r-power or-
2  der, r divides A , as desired.
3. CONSTRUCTIONS
In this section we construct examples of groups which show that the
numerical conditions in Theorems A and C are sufficient.
We omit the proof of the following number-theoretic lemma.
LEMMA 8. Let q 1 be an integer and suppose that r is a prime diisor of
q 1. Write r b to denote the r-part of q 1. Let n be a positie integer, and
write n r ag with r g. Then the following statements hold.
Ž . n m ai The r-part of q  1 equals the r-part of q  1, where m r .
Ž . n abii If r 2 or b 1, then the r-part of q  1 is r .
Ž . n at tiii If r 2 and b 1, then the 2-part of q  1 is 2 , where 2 is
defined to be the 2-part of q 1.
Ž . Ž .Statement iii in Lemma 8 corresponds to the case q 3 mod 4 . In
this case, the value t is at least 2 and can be quite large, for example when
q is a large Mersenne prime.
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LEMMA 9. Let n 2 g where g is an odd positie integer. Let q be a prime
Ž . tpower such that q 3 mod 4 , and let 2 be the full 2-part of q 1. Let
  g, and let x be any generator of the Sylow 2-subgroup of F. Then for
each integer s satisfying 2 s t, writing e 2 ts1, the subgroup Q
² e : Ž n. s1x ,  x of  q is generalized quaternion of order 2 , and its action on
Ž .  s14V is Frobenius. In particular, cd QV  1, 2, 2 .
t Ž tProof. Write q 1 2 k where k is odd, and observe that q 2 
. t tŽ . t1 t1  q  1  2  2 k  1 is divisible by 2 . Thus q  2 
Ž t1.1 mod 2 .
Ž . t1By Lemma 8 iii , the element x has order 2 . By the preceding
² :paragraph, conjugation by  has the effect of raising each element of x
Ž t . ² :to the power 2  1 . Since g is odd, the involution  acts on x in the
² : t2same way that  does. Thus x,  is semidihedral of order 2 . Note
that conjugation by the element  x of order 4 inverts the element x e of
s ² e :order 2 , and so the group Q x ,  x is generalized quaternion. The
unique involution in F has no fixed points on V and is a power of every
nonidentity element of Q. Hence the action of Q on V is Frobenius.
HYPOTHESIS 10. Let q 1 be a prime power. Let n 1 be an integer
with prime factorization n pa1 			 par for primes p  			  p , such that1 r 1 r
a 
 1 and such that p diides q 1 for each index i. In case n 2,i i
suppose further that q 1 is not a power of 2.
In Hypothesis 10, the two exceptional cases in the Zsigmondy prime
theorem are avoided, and so q n 1 has a Zsigmondy prime. Thus, if  is
n Ž . Ž n .the set of Zsigmondy primes for q  1, we have  q  q  1  1.n  
THEOREM 11. Let q and n satisfy Hypothesis 10. Recall the notations V,
, F, H, and  , defined in Section 2, relatie to the alues q and n. Then
there exist subgroups K and N of  with the following properties:
Ž . Ž .i K 1 is cyclic of order chosen to be any diisor of  q  1.n 
Ž .ii The action of K on V is irreducible, and N K 1.
Ž .iii The action of NK on V is Frobenius, and N is nilpotent.
Ž . Ž .iv NC K is cyclic of order n, and its action on K is Frobenius.N
Ž . Ž . Ž . Ž .  4v F NK  K C K is cyclic, and cd NK  1, n .N
Ž .  vi The prime diisors of N are precisely p , . . . , p .1 r
Ž . bivii For each index i, write p to denote the p -part of q 1. Theni i
the Sylow p -subgroup of N may be chosen to be cyclic of order paic i for anyi i
choice of integer c satisfying 1 c  b .i i i
Ž . Ž .viii If n is een, n2 is odd, and q 3 mod 4 , then the Sylow
2-subgroup of N may be chosen to be generalized quaternion of order 2 s1 for
any choice of integer s satisfying 2 s t, where 2 t is the full 2-part of
q 1.
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Proof. Let K be the subgroup of desired order in F. The action of K
on V is clearly irreducible and Frobenius. For each index i, let m  paii i
denote the p -part of n, and let g  nm denote the p-part of n. Thei i i i
field automorphism    g i raises each element of V to the power q g i.i
Choose a generator x of the Sylow p -subgroup of F.i i
In the next few paragraphs we define, for each prime p , what will be thei
Sylow p -subgroup S of N, along with a certain nonidentity cyclic sub-i i
group C of S such that S C is cyclic of order m  pai.i i i i i i
First suppose p is one of the primes for which S is to be cyclic. Takei i
² : m iany element y 	 x , and let w   y . As   1 and nm g ,i i i i i i i i
Ž . m i f i Ž n . Ž g i .Lemma 6 iii yields w  y , where f  q  1  q  1 .i i i
Ž . ² : aib iAssume either p  2 or b  1. By Lemma 8 ii , x has order p .i i i i
aic i ² :Choose any element y of order p in x . By Lemma 8, the p -part ofi i i i
f is pai, and so w m i y f i is an element of order pci 1 in F. It followsi i i i i
that the element w has order paic i.i i
Ž .Now assume instead that p  p  2 and b  1. By Lemma 8 iii ,i 1 1
² : a1t a1t1x has order 2 , and the 2-part of f is 2 . Take y  x , so that1 1 1 1
w m1  x f1 is the involution in F. Since 1 c  b  1, we have c  1,1 1 1 1 1
and so the element w has order 2 a11  2 a1c 1 in this case also.1
In both of the cases described in the last two paragraphs, we have
² m i: ² :1 C  w  F, and so the action of S  w on V is Frobenius.i i i i
Ž .Suppose now that n2 is odd and q 3 mod 4 . In this case, we want
the Sylow 2-subgroup of N to be generalized quaternion. Thus p  2,1
and we write w   x and y  x e where e 2 ts1. We apply Lemma1 1 1 1 1
² : ² :9 to the groups S  y , w and C  y , and we see that the action1 1 1 1 1
of S on V is Frobenius.1
In all cases we have C  F, and so the cyclic group S C , which isi i i
generated by w , acts on K. Because w   x ei for some integer e , whilei i i i i
² : ² :x 	 F centralizes K , we see that the w -orbits and the  -orbits on Ki i i
are identical, and so the action of S C on K is Frobenius.i i
Ž . g iNote that C  is the subgroup of order q  1 in F. For indicesF i
j i, indeed m divides g , and so q m j 1 divides q g i 1. By Lemma 8j i
Ž . n m j ² :i , the p -part of q  1 equals the p -part of q  1, and so x j j j
.Ž .  C  for j i. It now follows that S , S  1 whenever i j, and soF i i j
Ž .N S  			 S is a nilpotent group. Note that C K  C  			 C1 r N 1 r
Ž .is cyclic. The group NC K is cyclic of order n, and its action on K isN
   Frobenius. As N and K are relatively prime, we see that N K 1
Ž . Ž .and that F NK  K C K is cyclic. The actions of both N and K onN
V are Frobenius, and so the action of NK on V is Frobenius.
In our final two theorems, we now prove the sufficiency of the numerical
conditions in Theorems A and C.
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THEOREM 12. Let q 1 be a prime power, and let n be a positie integer
such that eery prime diisor of n diides q 1. Then there exist groups G, A,
Ž .and V satisfying Hypothesis * such that GV is a Frobenius group and
Ž .     4     ncd GV  1, G : A , G , with n G : A and V  q .
Proof. If n 2 while q 1 is a power of 2, then because q 1, we
Ž .have q 3 mod 4 , and we apply Lemma 9 to obtain a generalized
quaternion subgroup Q of , whose action on V is Frobenius. Take
GQ, and note that G has a cyclic subgroup A of index 2. Since 4
   divides A , we see that A does not divide q 1, and so the action of A
on V is irreducible.
In the case that n 2 or that q 1 is not a power of 2, take GNK
Ž .as in Theorem 11. The cyclic Fitting subgroup A K C K of G isN
clearly maximal among the abelian normal subgroups of G, and its action
on V is irreducible, since the action of K on V is irreducible.
THEOREM 13. Let q 1 be a prime power, let r be a prime, and let n 1
Ž . Ž . 2be an r-power. Suppose that either i n r, or ii r diides q 1. Then
Ž . Ž .there exist groups G, A, and V satisfying Hypothesis * with cd GV 
     4     n1, G : A , G r and n G : A and V  q .
Ž . Ž n. ŽProof. In i when n r, we take G  q , A F as defined in
. Ž n.Section 2 , and VGF q . It is not difficult to see that G satisfies the
desired conclusions.
Ž . aWe now consider ii . Suppose that n r for some prime r and integer
a
 2. Let r b be the r-part of q 1, and assume that b
 2. Note that
Ž .n 2, and so we may apply Theorem 11, taking K to have order  q ,n 
where  is the set of Zsigmondy primes for q n 1.
We follow the notation of the proof of Theorem 11, dropping all
subscripts, as r is the only prime divisor of n. Let c 1, so the element
a1 ² :y	 F has order r . We have N w , where the element w  y has
a1 Ž . ² n:order r , and C C K  w has order r. The action of NC onN
K is Frobenius, so each element of order r 2 in N acts nontrivially on V.
Write f r a1, and note that u y f is an element of order r 2 in F,
which is actually central in  because r 2 divides q 1. By the preceding
² r: ² :paragraph, uNK , but u  CNK. Let G be the group NK , u , in
which NK is normal of index r. Each character of NK is invariant in G,
Ž . Ž .  4and so cd G  cd NK  1, n . The cyclic Fitting subgroup K C of
NK , which is clearly maximal among the abelian normal subgroups of NK ,
² : ² :has index r in the cyclic group A K u . It follows that A K u
is maximal among abelian normal subgroups of G, and its action on V is
irreducible because K acts irreducibly. Thus G, A, and V satisfy Hypothe-
Ž .       nsis * , with n NK : K C  G : A and V  q .
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Ž . Ž f . Ž . a1By Lemma 8 ii , the r-part of q  1  q 1 is f r . Thus
Žq f1 .Žq1. ² :y is a generator of the group u and hence lies in G. Lemma 6
Ž . f f Žq f1 .Žq1. fiii yields w   y . Since w 	NG, we deduce that the
element  f of order r lies in G.
The action of NK on V is Frobenius, and so the inertia group in G of
each nonprincipal irreducible character of V has order 1 or r. To prove
Ž .    4that cd GV  1, n G r , it suffices to prove that G contains every
conjugate of  f in , since each irreducible character of V is fixed by one
of these conjugates. As  f	G, Lemma 6 tells us that it is enough to
Ž n . Ž f .show that G contains the subgroup of order q  1  q  1 in F.
a a1 Ž n . Ž f . Ž .Since n r and f r , we have q  1  q  1  q . Byn
Ž . Ž n . Ž f .Lemma 8 ii , the r-part of q  1  q  1 is just r. For each prime s
Ž n . Ž f .distinct from r, we claim that if s divides q  1  q  1 , then s is a
Zsigmondy prime for q n 1. For if s is not Zsigmondy, then s divides
f Ž . nq  1, and Lemma 8 i implies that the s-part of q  1 equals the s-part
f Ž . Ž .of q  1, a contradiction. It follows that  q divides r q . As Gn n 
Ž .contains the subgroup K C of order r q in F, the result follows.n 
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